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1 Concept

We consider N two-level atoms in an optical lattice with dipole-dipole in-
teraction described by the Master equation

ρ̇ = − i
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2
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Γij

(
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with the Hamiltonian
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i

ωiS
z
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ΩijS
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j +HL,

where HL = 1
2

∑
i

[
Ω(ri)S

+
i exp (i(ωLt+ φL)) + h.c.

]
describes the interac-

tion with some coherent driving field. The collective dipole-dipole shift and
the collective spontaneous emission rates are a function of the single atom
lifetime and the geometry and appear due to the mutual coupling of the
atomic dipoles.

Γi =
ω3
i µ

2
i

3πε0~c3
Γij =

√
ΓiΓjF (k0rij) Ωij =

3

4

√
ΓiΓjG(k0rij)

Disregarding the exact analytical expression the shapes of F and G are
plotted below and it is noteworthy that they are a function of the resonant
wavelength, the interatomic separation and the relative angle between the
atomic transition dipole and distance between the atoms (plot: Ficek 2002).
F is plotted on the left-hand side, G on the right-hand side with the solid
lines showing the function for sµ ⊥ rij and the dotted line refers to a parallel
orientation.380 Z. Ficek, R. Tana!s / Physics Reports 372 (2002) 369–443
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Fig. 1. (a) Collective damping !ij=
√
!i!j and (b) the dipole–dipole interaction "ij=

√
!i!j as a function of rij=# for

!$ ⊥ !rij (solid line) and !$‖ !rij (dashed line).

The parameters %i are usually absorbed into the atomic frequencies !i, by rede"ning the frequen-
cies !̃i=!i+%i and are not often explicitly included in the master equations. The other parameters,
"(M)ij and "ij, do not appear as a shift of the atomic levels. One can show by the calculation of the
integral appearing in Eq. (35) that the parameter "(M)ij is negligibly small when the carrier frequency
of the squeezed "eld is tuned close to the atomic frequencies [59,64–66]. On the other hand, the
parameter "ij is independent of the squeezing parameters Ñ (!s) and M̃ (!s), and arises from the
interaction between the atoms through the vacuum "eld. It can be seen that "ij plays a role of a
coherent (dipole–dipole) coupling between the atoms. Thus, the collective interactions between the
atoms give rise not only to the modi"ed dissipative spontaneous emission but also lead to a coherent
coupling between the atoms.
Using the contours integration method, we "nd from Eq. (38) the explicit form of "ij as

[11,47,49,67,68]

"ij =
3
4

√
!i!j

{
−[1− ( !$ · !rij)2]

cos(k0rij)
k0rij

+ [1− 3( !$ · !rij)2]
[
sin(k0rij)
(k0rij)2

+
cos(k0rij)
(k0rij)3

]}
:

(39)

The collective parameters !ij and "ij, which both depend on the interatomic separation, determine
the collective properties of the multiatom system. In Fig. 1, we plot !ij=

√
!i!j and "ij=

√
!i!j as a

function of rij=#, where # is the resonant wavelength. For large separations (rij!#) the parameters
are very small (!ij = "ij ≈ 0), and become important for rij ¡ #=2. For atomic separations much
smaller than the resonant wavelength (the small sample model), the parameters attain their maximal
values

!ij =
√
!i!j ; (40)

and

"ij ≈ 3
√
!i!j

4(k0rij)3
[1− 3( !$ · !rij)2] : (41)

In this small sample model "ij corresponds to the quasistatic dipole–dipole interaction potential.
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2 Example for two atoms

For two identical atoms the bare atomic states are

|g1g2〉 , |e1g2〉 , |g1e2〉 , |e1e2〉

with the corresponding energies Egg = −~ω0, Ege = Eeg = 0, Eee = ~ω0.
Now also taking into account the dipole-dipole interaction the Hamilton has
the form

H =
~ω0

2

2∑

i=1

Sz
i +

∑

i 6=j

ΩijS
+
i S
−
j ,

which written in the bare atomic states looks like

H = ~




−ω0 0 0 0
0 0 Ω 0
0 Ω 0 0
0 0 0 ω0




and leads to new eigenstates

|e〉 = |e1e2〉

|s〉 =
1√
2

(|e1g2〉+ |g1e2〉)

|a〉 =
1√
2

(|e1g2〉 − |g1e2〉)

|g〉 = |g1g2〉Z. Ficek, R. Tana!s / Physics Reports 372 (2002) 369–443 385

!

!12

12

"

"

0

0

| s >

| e >

| a >

| g >

Fig. 2. Collective states of two identical atoms. The energies of the symmetric and antisymmetric states are shifted by
the dipole–dipole interaction !12. The arrows indicate possible one-photon transitions.

Evidently, in the presence of the dipole–dipole interaction matrix (62) is not diagonal, which indicates
that the product states (59) are not the eigenstates of the two-atom system. We will diagonalize matrix
(62) separately for the case of identical ("= 0) and nonidentical (" != 0) atoms to !nd eigenstates
of the systems and their energies.

3.1. Entangled states of two identical atoms

Consider !rst a system of two identical atoms (" = 0). In order to !nd energies and corre-
sponding eigenstates of the system, we have to diagonalize matrix (62). The resulting energies and
corresponding eigenstates of the system are [10,47]

Eg =−˝!0; |g〉= |g1〉|g2〉 ;

Es = ˝!12; |s〉= 1√
2
(|e1〉|g2〉+ |g1〉|e2〉) ;

Ea =−˝!12; |a〉= 1√
2
(|e1〉|g2〉 − |g1〉|e2〉);

Ee = ˝!0; |e〉= |e1〉|e2〉 : (63)

Eigenstates (63), !rst introduced by Dicke [10], are known as the collective states of two interacting
atoms. The ground state |g〉 and the upper state |e〉 are not a"ected by the dipole–dipole interaction,
whereas the states |s〉 and |a〉 are shifted from their unperturbed energies by the amount ±!12,
the dipole–dipole energy. The most important property of the collective states |s〉 and |a〉 is that
they are an example of maximally entangled states of the two-atom system. The states are linear
superpositions of the product states which cannot be separated into product states of the individual
atoms.
We show the collective states of two identical atoms in Fig. 2. It is seen that in the collective states

representation, the two-atom system behaves as a single four-level system, with the ground state |g〉,
the upper state |e〉, and two intermediate states: the symmetric state |s〉 and the antisymmetric state

The corresponding energies are Ee = ~ω0, Es = ~Ω, Ea = −~Ω, Eg =
−~ω0. Employing the projection and correlation operators |i〉 〈j| with i, j ∈
{e, s, a, g} we rewrite the Master equation to

ρ̇ = − i
~

[H, ρ] +

(
∂ρ

∂t

)

s

+

(
∂ρ

∂t

)

a

,
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where
H = ~ [(|e〉 〈e| − |g〉 〈g|)ω0 + (|s〉 〈s| − |a〉 〈a|) Ω]

and (∂ρ/∂t)s and (∂ρ/∂t)a are the super- and subradiant decay chains with

(
∂ρ

∂t

)

s

=− Γ + Γ12

2
[(|e〉 〈e|+ |s〉 〈s|) ρ+ ρ (|e〉 〈e|+ |s〉 〈s|)

−2 (|s〉 〈e|+ |g〉 〈s|) ρ (|e〉 〈s|+ |s〉 〈g|)]
(
∂ρ

∂t

)

a

=− Γ− Γ12

2
[(|e〉 〈e|+ |a〉 〈a|) ρ+ ρ (|e〉 〈e|+ |a〉 〈a|)

−2 (|a〉 〈e| − |g〉 〈a|) ρ (|e〉 〈a| − |a〉 〈g|)]
and we observe that the two decay chains decouple from each other.

3 Direction

The plan is now to generalise this formalism to N atoms and see how the
decay chains are correlated with the eigenvalues and eigenstates of the ma-
trix that can be built up from Γij .

We already know that there can be very small (≈ 10−4) and very large
(see plots) collective spontaneous emission rates.
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